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Abstract
For any positive integer n, let Gn denote the set of simple graphs of order n. For any graph G in Gn, let P(G; )
denote its chromatic polynomial. In this paper, we -rst show that if G ∈Gn and (G)6 n− 3, then P(G; ) is zero-free
in the interval (n − 4 + =6 − 2=;+∞), where  = (108 + 12√93)1=3 and =6 − 2= (=0:682327804 : : :) is the only
real root of x3 + x − 1; we proceed to prove that whenever n − 66 (G)6 n − 2, P(G; ) is zero-free in the interval
((n+ (G))=2 − 2;+∞). Some related conjectures are also proposed.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
For any positive integer n, let Gn denote the set of simple graphs of order n. For any graph G ∈Gn, let V (G), E(G),
v(G), e(G), (G) and P(G; ) be, respectively, the vertex set, edge set, order, size, chromatic number and chromatic
polynomial of G. The following result was proved in [1]:
Theorem 1 (Dong [1]). Let G ∈Gn, where n¿ 3. For k =0; 1; 2, if (G)6 n− k, then P(G; )¿ 0 for all real ¿n−
k − 1.
Theorem 1 is, however, invalid if k = 3. For instance, let G(6) be the graph obtained from the wheel W6 by deleting
one spoke, as shown in Fig. 1, and G(n), where n¿ 7, be the join G(6) + Kn−6, where Kr denotes the complete graph
of order r.
Then, for n¿ 6, G(n)∈Gn, (G(n)) = n− 3 and
P(G(n); ) = ()n−3((− n+ 4)3 + − n+ 3); (1)
where ()k = (− 1) · · · (− k + 1). Observe that the largest real root of the polynomial (1) is given by
n− 4 + 
6
− 2

= n− 4 + 0:682327804 : : : ; (2)
where =
(
108 + 12
√
93
)1=3
, and =6− 2= (=0:682327804 : : :) is the only real root of the equation x3 + x− 1=0. Thus
P(G(n); )¡ 0 for any real  in the interval (n− 4; n− 4 + =6− 2=) when n¿ 6.
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Fig. 1. G(6).
Another example is the complete bipartite graph K2;3. Observe that
P(K2;3; ) = (− 1)((− 1)2 + (− 2)3): (3)
The largest real root of the polynomial (3) is 53 − 6 + 103 =1:430159 : : :, where =
(
44 + 12
√
69
)1=3
. Thus P(K2;3; )¡ 0
for any real  in the interval (1; 53 − 6 + 103 ).
For any positive integer n, de-ne
n =


0; 16 n6 4;
5
3
− 
6
+
10
3
= 1:430159 : : : ; n= 5;
n− 4 + 
6
− 2

= n− 4 + 0:682327804 : : : ; n¿ 6:
(4)
By (1)–(3), there exist graphs G ∈Gn with (G) = n− 3 such that P(G; )6 0 for some 6 n, where n¿ 5.
In this paper, our objective is to prove the following results:
Theorem 2. Let G ∈Gn, where n¿ 4. If (G)6 n− 3, then P(G; )¿ 0 for all real ¿n.
Theorem 3. Let G ∈Gn, where n¿ 7. If (G)6 n− 2k, where k = 1; 2; 3, then P(G; )¿ 0 for all real ¿n− 2− k.
Note that when k = 1, the result of Theorem 3 follows from Theorem 1. We would also like to make the following:
Conjecture 1. Let n and k be integers such that 16 k6 n=2− 1. If G ∈Gn and (G)6 n− 2k, then P(G; )¿ 0 for all
real ¿n− 2− k.
2. Proof of Theorem 2
We shall prove Theorem 2 in this section. For any integers n and d with n¿d¿ 1, let Gn;d={G ∈Gn|(G)6 n−d}.
Let G ∈Gn. A vertex x in G is said to be major if d(x) = n − 1; called a simplicial vertex if the set N (x) of the
neighbours of x forms a clique. Given x; y∈V (G), let G + xy be the graph obtained from G by adding a new edge xy
if xy ∈ E(G); and G · xy be the graph obtained from G by identifying x and y and replacing multi-edges by single ones.
The fundamental reduction theorem [2,3] states that
P(G; ) = P(G + xy; ) + P(G · xy; );
for any two nonadjacent vertices x and y in G. We begin with the following two lemmas:
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Lemma 1. Let G ∈Gn;3, where n¿ 5. Suppose
(i) G has no simplicial vertex,
(ii) G has no major vertex, and
(iii) for any two nonadjacent vertices u and v in G, either (G + uv)¿n− 3 or (G · uv)¿n− 3.
Then either n= 5 or n= 6; and
(1) if n= 5, then G ∼= K2;3 and
(2) if n= 6, then G is either K2;2;2 or one of the graphs in Fig. 2.
Proof. As G ∈Gn;3, (G)6 n−3. Thus (G)=n−3 by (iii). Suppose A={x} is a colour class of a (n−3)-colouring of
G. By (ii), d(x)6 n− 2 and thus xy ∈ E(G) for some vertex y. But then (G+ xy)= n− 3= (G · xy), a contradiction.
This shows that in any (n− 3)-colouring of G, each colour class contains at least two vertices. Thus n¿ 2(n− 3), and
so n6 6; i.e., n= 5 or n= 6.
If n= 5, then G must be a spanning subgraph of K2;3. By (i), G ∼= K2;3.
If n= 6, then (G) = 3 and each colour class contains exactly two vertices. Thus G is a spanning subgraph of K2;2;2.
We shall show that if G is a proper subgraph of K2;2;2, then G is one of the graphs in Fig. 2.
Write G = K2;2;2 − E′, where E′ ⊆ E(K2;2;2). Let A1; A2 and A3 be the colour classes in a 3-colouring of G. By the
above argument, |Ai|= 2 for i= 1; 2; 3. By (iii), the subgraph G[Ai ∪ Aj] induced by Ai ∪ Aj in G must be connected for
16 i ¡ j6 3. Hence G[Ai ∪ Aj] contains at least three edges. Thus e(G)¿ 9, implying that |E′|6 3.
Let H be the subgraph of G induced by E′. If |E′| = 3, then G is a graph obtained from K2;2;2 by deleting one edge
from each of the subgraphs G[Ai ∪Aj], where 16 i ¡ j6 3. Observe that if H is connected, then G contains a simplicial
vertex, a contradiction. Thus H is disconnected, and so G is the graph (a) or (b) in Fig. 2.
If |E′| = 2 and H is connected, then G has a simplicial vertex, a contradiction. Thus H is disconnected and so G is
the graph of (c) in Fig. 2.
If |E′|= 1, then it is obvious that G is the graph (d) in Fig. 2.
Lemma 2. Let G be one of the following graphs: K2;3, K2;2;2, (a), (b), (c) and (d) in Fig. 2. Then P(G; )¿ 0 for all
real ¿n, where n= v(G).
Proof. It suIces to show that the largest real root in P(G; ) = 0 is not greater than n. By de-nition, the largest real
root in P(K2;3; ) = 0 is 5. Thus the inequality holds for K2;3.
The graph (b) in Fig. 2 is actually the graph G(6), and the inequality holds for this graph by de-nition.
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The chromatic polynomials of K2;2;2 and the graphs (a), (c) and (d) in Fig. 2 are, respectively, given below:
(− 1)(− 2)(3 − 92 + 29− 32);
(− 1)(− 2)(3 − 62 + 14− 13);
(− 1)(− 2)(3 − 72 + 18− 17)
and
(− 1)(− 2)(3 − 82 + 23− 23);
and their respective maximum real roots are approximately
2:546602348; 2:453397652; 2:569840291; 2:430159709:
Since 6 ¿ 2:6 by de-nition, the inequalities holds for each of these graphs.
Proof of Theorem 2. Our proof is by induction on n¿ 4. The result holds for n= 4 by Theorem 1. Assume that m¿ 5
and the result holds for n, where n¡m.
Suppose the result does not hold for n=m and G is a graph in Gn;3 of maximum size such that P(G; )6 0 for some
real ¿n.
Claim 1. G contains no major vertex.
Suppose G has a major vertex. Then
P(G; ) = P(G − x; − 1):
Observe that (G − x) = (G)− 16 n− 4. Thus G − x∈Gn−1;3. By induction hypothesis, P(G − x; )¿ 0 if ¿n−1.
Since n¿ n−1 + 1 when n¿ 5, we have
P(G; ) = P(G − x; − 1)¿ 0
if ¿n, a contradiction.
Claim 2. G has no simplicial vertex.
Suppose G has a simplicial vertex x. Then,
P(G; ) = (− d(x))P(G − x; ):
Since (G)6 n− 3 and x is a simplicial vertex, d(x)6 n− 4. Since (G − x)6 n− 3, by Theorem 1, P(G − x; )¿ 0
for ¿n− 4. Thus P(G; )¿ 0 if ¿n ¿n− 4, a contradiction.
Claim 3. For any two nonadjacent vertices x and y, either (G + xy)¿n− 3 or (G · xy)¿n− 3.
Suppose (G+xy)6 n−3 and (G ·xy)6 n−3 for some pair of nonadjacent vertices x and y. Since e(G+xy)¿e(G),
by the assumption of G, for ¿n,
P(G + xy; )¿ 0:
Since v(G · xy) = n− 1 and (G · xy)6 n− 3, by Theorem 1, we have
P(G · xy; )¿ 0
for ¿n− 4. Hence when ¿n, we have
P(G; ) = P(G + xy; ) + P(G · xy; )¿ 0;
a contradiction.
By Claims 1–3 and by Lemma 1, G must be one of the graphs: K2;3, K2;2;2, (a), (b), (c), (d) in Fig. 2. By Lemma 2,
P(G; )¿ 0 for all real ¿n, a contradiction. This completes the proof.
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3. Proof of Theorem 3
In this section, we shall prove Theorem 3. Again, we begin with two lemmas.
Lemma 3. Let G ∈Gn;d, where 16d6 n− 1. Suppose,
(i) G has no major vertex and
(ii) (G + uv)¿n− d for any two nonadjacent vertices u and v in G.
Then n6 2d and G is a complete (n− d)-partite graph in which each partite set contains at least two vertices.
Proof. Since G ∈Gn;d, (G)6 n− d and so G is a (n− d)-partite graph. We may assume that V (G) is partitioned into
V1; V2; : : : ; Vn−d such that each Vi is a nonempty independent set for each i=1; 2; : : : ; n−d. By (ii), G must be a complete
(n−d)-partite graph. By (i), we have |Vi|¿ 2 for each i=1; 2; : : : ; n−d. Hence n¿ 2(n−d), implying that n6 2d.
Lemma 4. Let s and m be any pair of integers with 26 s6m=2− 1. Assume that
(i) Conjecture 1 holds for any pair of positive integers n and k with n6m and k6 s, but n+ k ¡m+ s;
(ii) for any complete (m− 2s)-partite graph H = Kr1 ;r2 ;:::;rm−2s , where ri¿ 2 for all i and r1 + r2 + · · ·+ rm−2s = m,
P(H; )¿ 0; for all real ¿m− 2− s:
Then Conjecture 1 holds for the pair of integers m and s.
Proof. Suppose the result is false. Then there exists a graph G ∈Gm;2s such that P(G; 0)6 0 for some real 0 ¿m−s−2.
We may assume that the chosen G is of maximum size.
Claim 1. (G + xy)¿m− 2s for any two nonadjacent vertices x and y.
If (G + xy)6m− 2s for some pair of nonadjacent vertices x and y, then by the assumption of G, we have
P(G + xy; 0)¿ 0:
Observe that (G ·xy)6m−2s+1=(m−1)−2(s−1). Thus G ·xy∈Gm−1;2(s−1). Since m¿ 2s+2, m−1¿ 2(s−1)+3.
By assumption (i), Conjecture 1 holds for n=m− 1 and k = s− 1. Since 0 ¿m− s− 2= (m− 1)− (s− 1)− 2, we have
P(G · xy; 0)¿ 0;
and thus P(G; 0) = P(G + xy; 0) + P(G · xy; 0)¿ 0, a contradiction.
Claim 2. G has no major vertex.
Suppose to the contrary that G contains a major vertex x. First consider the case m=2s+2. Then (G)6m− 2s6 2,
and G is a star. Thus
P(G; ) = (− 1)m−1 ¿ 0
if ¿ 1. Since 0 ¿m− s− 2¿ k¿ 1, we have P(G; 0)¿ 0, a contradiction.
Now assume that m¿ 2s + 3. Then
P(G; ) = P(G − x; − 1):
It is clear that G − x∈Gm−1;2s. By assumption (i), Conjecture 1 holds for n = (m− 1) and k = s. Since 0 − 1¿ (m−
s− 2)− 1 = m− s− 3 = (m− 1)− s− 2, we have
P(G − x; 0 − 1)¿ 0;
and so P(G; 0)¿ 0, a contradiction.
By Claims 1 and 2 and by Lemma 3, G is a complete (m − 2s)-partite graph in which each partite set contains
at least two vertices. By assumption (ii), we have P(G; )¿ 0 for ¿m − s − 2, a contradiction again. This proves
Lemma 4.
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Corollary. Let s be any integer with s¿ 2. Assume that
(i) Conjecture 1 holds for any integer k with k ¡ s;
(ii) for any integer m with 4s¿m¿ 2s + 2 and any complete (m − 2s)-partite graph H = Kr1 ;r2 ;:::;rm−2s , where ri¿ 2
for all i and r1 + r2 + · · ·+ rm−2s = m,
P(H; )¿ 0; for all real ¿m− 2− s:
Then Conjecture 1 holds for k = s and any n with n¿ 2k + 2.
We shall now prove Theorem 3 by means of the above corollary.
Proof of Theorem 3. The result when k = 1 follows from Theorem 1.
Let k = 2. By the above corollary, it suIces to prove that for any complete (m − 4)-partite graph H of order m in
which each partite set contains at least two vertices, where 66m6 8, we have
P(H; )¿ 0
for all real ¿m− 4. Clearly, H is one of the following graphs:
K2;4; K3;3; K2;2;3; K2;2;2;2:
Observe that
P(K2;4; ) = ()6 + 7()5 + 13()4 + 8()3 + ()2 ¿ 0 if ¿ 1;
P(K3;3; ) = ()6 + 6()5 + 11()4 + 6()3 + ()2 ¿ 0 if ¿ 1;
P(K2;2;3; ) = ()7 + 5()6 + 8()5 + 5()4 + ()3 ¿ 0 if ¿ 2;
P(K2;2;2;2; ) = ()8 + 4()7 + 6()6 + 4()5 + ()4 ¿ 0 if¿ 3:
Thus the result follows when k = 2.
Finally, consider the case that k = 3. By the above corollary, it suIces to prove that for any complete (m− 6)-partite
graph H of order m in which each partite set contains at least two vertices, where 86m6 12, we have
P(H; )¿ 0
for all real ¿m− 5. Then H must be one of the following graphs:
K4;4; K3;5; K2;6; K5;2;2; K4;3;2; K3;3;3; K4;2;2;2; K3;3;2;2; K3;2;2;2;2; K2;2;2;2;2;2:
Observe that
P(K4;4; ) = ()8 + 12()7 + 50()6 + 86()5 + 61()4 + 14()3 + ()2 ¿ 0; if ¿ 1;
P(K3;5; ) = ()8 + 13()7 + 56()6 + 100()5 + 71()4 + 18()3 + ()2 ¿ 0; if ¿ 1;
P(K5;2;2; ) = ()9 + 12()8 + 46()7 + 75()6 + 56()5 + 17()4 + ()3 ¿ 0; if ¿ 2;
P(K4;3;2; ) = ()9 + 10()8 + 35()7 + 54()6 + 38()5 + 11()4 + ()3 ¿ 0; if ¿ 2;
P(K3;3;3; ) = ()9 + 9()8 + 30()7 + 45()6 + 30()5 + 9()4 + ()3 ¿ 0; if ¿ 4;
P(K4;2;2;2; ) = ()10 + 9()9 + 28()8 + 41()7 + 30()6 + 10()5 + ()4 ¿ 0; if ¿ 3;
P(K3;3;2;2; ) = ()10 + 8()9 + 24()8 + 34()7 + 24()6 + 8()5 + ()4 ¿ 0; if ¿ 5;
P(K3;2;2;2;2; ) = ()11 + 7()10 + 19()9 + 26()8 + 19()7 + 7()6 + ()5 ¿ 0; quadif ¿ 6;
P(K2;2;2;2;2;2; ) = ()12 + 6()11 + 15()10 + 20()9 + 15()8 + 6()7 + ()6 ¿ 0; if ¿ 7;
The result thus follows when k = 3. This proves Theorem 3.
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4. Further problems
For any graph G, let '(G) denote the largest real root of P(G; ). Thus P(G; )¿ 0 for ¿'(G). For any integers n
and d, let
'n;d =max{'(G)|G ∈Gn; (G)6d}:
It is clear that 'n;1 = 0 and by Theorems 1 and 2,
'n;d =


n; d= n− 3;
n− 3; d= n− 2;
n− 2; d= n− 1;
n− 1; d= n:
Motivated by the above result and Conjecture 1, we would like to propose the following conjectures on 'n;d.
Conjecture 2. For any integer n¿ 1,
0 = 'n;1 ¡'n;2 ¡ · · ·¡'n;n−1 ¡'n;n = n− 1:
Conjecture 3. For any integers n and d with 26d6 n− 2,
'n;d6 n− 2− n− d=26 n+ d− 32 :
We note that Conjecture 3 is weaker than Conjecture 1. Indeed, as 26d6 n − 2, we have d6 n − 2k, where
k = (n− d)=2. Thus, if Conjecture 1 holds, then
'n;d6 n− 2− k = n− 2− (n− d)26 n+ d− 32 ;
and so Conjecture 3 holds.
Now we consider 'n;2. By de-nition, 'n;2 is the maximum real root of P(G; ) over all bipartite graphs G of order n. It
is clear that if G is bipartite, then P(G; ) has only two integral roots: 0 and 1. But the following result due to Woodall
[4] indicates that 'n;2 could be quite large:
Theorem 4 (Woodall [4]). If q is large enough compared with p, then P(Kp;q; ) has real roots arbitrarily close to all
integers i with 26 i6p=2.
To end this note, we would like to make the following conjectures on Kp;q.
Conjecture 4. (i) For k¿ 1 and q¿ 2k + 1, if ¿ k + (1 + (−1)q)=2, then
P(K2k+1; q; )¿ 0:
(ii) For q¿ 4k, if ¿ 2k + (1 + (−1)q)=2, then
P(K4k;q; )¿ 0:
(iii) For q¿ 4k + 2, if ¿ 2k + (3− (−1)q)=2, then
P(K4k+2; q; )¿ 0:
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